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1.1. INTRODUCTION AND DEFINITION OF THE PROBLEM

In this paper we are concerned exclusively with approximating real-valued
functions of a real variable by real polynomials, on the interval [—1, 1].

Let pu(4, x) = Yio,axie P, and f(x) € L [—1,1] be the space of
integrable functions on [—1, 1}. p,(4*, x) is defined to be a best L, ap-
proximation from P, to f(x) on [—1, 1]if

Ea) = [ 1769 = paar, 9l ds < [ 169 = pa(, 0 dx

for all coefficient vectors 4 in Euclidean n + 1-space. E,}(f) shall be referred
to as the minimal, or best, L; deviation of f with respect to P, .

We denote by U.(x), the Chebyshev polynomial of the second kind of
degree r for all real r. By a U-polynomial of degree N, we mean an expression
of the form Zj-v:o e;Uj(x), where {e;}Y, are real scalars. We let P,, , denote
the class of all U-polynomials of degree n where e, is fixed and nonzero for
a particular m < n.

It follows from the argument in [1, p. 10] that there exists a p . € Py
such that for f(x) e L[—1, 1]:

BLalf) = [ 17G) = phaldx < [ 1£®) — prn()] dx
-1 -1

for all py, , € Py, -

This py, , is defined to be a partial best L, approximation to f from P, .
The motivation for investigating the partial minimum phenomenon in L,
for this class of rational functions, stems from its analogue in uniform
approximation. There, taking the Fourier expansion in Chebyshev poly-
nomials of the first kind, Rivlin [5] has shown that the truncated series
polynomial, suitably modified, is the best uniform approximation.
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1.2. BEST APPROXIMATION

PROPOSITION.  For A, preal, | A| > 1, pu = 0, the functions

O 8 =y

(iila) g(x) = ﬁlli‘”x? (iib)  g(x) = AT:——

x2

1 X
(iila) gx) = m (iiib) g(x) = m

all have their unique best L, approximations on [—1, 1] from P, given by the
polynomial interpolating g(x) at the roots of U,.,(x) (¢f. [4, Theorems 4.3

and 4.4)).

Explicit expressions can be found for the L, deviation of these functions
and their asymptotic behavior for & large is tabulated here:

»H Ed ( 5 1 < ) ~ A\ — (X2 — 1)L/2)Re2

.. 1 1 4 ]
(iia) Eg (W) = Ehia (W) ~5 (A — (A2 — )L/2)Ess

(iib) Ejeir (_)\7i—x2) = Epero (Az_iﬁ') ~ A — (A2 — 1)L/2)Eee

1
“2+x2

1 4 “
) = B (g e~ e = e

(iiia) EL (
x x
(iiib)  Ege.s (m) = Egirs (m) ~ 4((1 4 pAlE — p)Phe,

The case g(x) = 1/(A — x) has been treated in {1, Addenda, Sects. 31, 32]
and the others may be similarly derived.

1.3. SOME LEMMAS

We first present a sufficient condition for partial best L, approximations,
{c.f. [2, Corollary 1.5)).

LemMa 1. Let f(x) e L[—1, 1]. Then p}, ,, is a best L, approximation to f
from P,, , if

fl sign(f(x) — ph (X)) Ux)dx =0  j=0,1,....,n; j#*m.
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In the case n = m, fe C[—1, 1}, itis also true that p, , is unique by extending
the arguments in [4, Sect. 4.5].

DeriNiTION (). Let o [v = 1,..., m] be the real or complex-conjugate
roots of the polynomial

nt

=T (1-=-) m=0 (L.1)

v=1 Xy

where p,,(x) is positive in the interior of the interval [—1, 1] but is allowed
simple roots at one or both ends of the interval. If m = 0, we interpret this
product as 1. p,,(x) as expressed in (1.1) is defined to be in its canonical form.
We now introduce the mapping x = (1/2)(v + (1/v)).
The real variable x, | x | << 1 is then related to the complex value v by the
equation

xzé(v—k—%) el =1 Imo = 0.

DerINITION (ii). Define the complex constants ¢, by
¢?—2c0, +1=0 le, | <1 [v =1,..., m]

Then

ST

DEFINITION (iii). Define H,(v) to be the modified image under the
mapping x = (1/2)(v + (1/v)) of the canonical polynomial p,(x) by

Hy@) =[] @ — ).

LemMmA 2. With p,(x) defined as in Definition (i) and H,(v) defined as
in Definition (iii) we have that for n = m

_ nitcem _n® oy Hu(1/0) 1 pmlx)
Un(x9 Pm) = Kn+1.m [U Hm(l/v) U Hm(U) ] v — (I/U)

is a polynomial in x of degree n whose coefficient of x™ is equal to one provided
Kn+l,m =2 H (1 + Cvz)'
v=1

Note that H,,(1/6) Hu(®) = T[Ty (1 + ¢,2) pu().
Lemma 2 is stated in [1, p. 251] and in {3, p. 37].
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LeMMA 3. For any p,(x) defined as before and n = m

fl | X"+ Apx™ o+ A, | dx

min
(i} Pm(%)
L Uglx, pm)l dx
f T pa®) b

The proof of Lemma 3 is to be found in [1, p. 251].

LEMMA 4. Let y,(x) be a polynomial in x of degree a defined by
Ya(x) = 1 + ¢ — 2¢ cos[a cos™ (x)]

and p,(x) be its canonical form as defined in Definition (i). Then y,(x) =
Moo (1 + ¢,2) pu(x) where ¢, are the appropriate constants defined in
Definition (ii). Furthermore, H,(v), the modified image of vy.(x) under the
mapping x = (1/2)(v -+ (1/v)) is given by
H,(v) = v* — 1.
The proof is omitted.

LEMMA 5. For p(x) defined as in Lemma 4, we have that sign U, ..(x, ps)
is orthogonal on [—1,1] to Uy(x) 0 <j<m + a — 1, j # m; for all non-
negative integers m and a.

Proof. With x = cos # and v = ¢%%:

sign Upva(, pa)
2 & 1
*E§m+1

(c.f. [1, p. 252]). Therefore

e ) (s 42

1 @
f Sign Um+a(x7 Pa) Uﬁ(x) dx = ;2— Z 1 ]"“

1 i 2r+ 1
where

1o .
— {J+1) __ 49—+
L= 2if0 [v ]

X [(U’m—a—%l __]1_“(_0)__)2r+1 _ (va_m_l M)zru] 40

H,(1/v) H,(v)
- J,f PU+D+im—atD (@r41) [ H(v) ,]2”1 dv
2i lol=1 Ha(l/v) v
_ _l‘f plm—a D @r+)-(41) [_]i'(_v)_]zr“ v
2i fol=1 Ha(l/v) iv

Note 1/[H,(1/v)] = v%/[l — v*t] has poles at 1/c, | 1/c,| =]
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By the theorem of residues, the first term of the last equation gives zero
contribution for r > 0, m > 0, and all j >> 0, whereas the second term gives
zero contribution forr =1, m > 0,a > 0,and 0 </ < 3m + 1.

Now for r = 0, we consider the following cases for the second term.

(@ j<m—1:

f Lnn—j (Ua - _t) ﬂ —
[vl=1 1 — % jv

by the theorem of residues.
(b) j=m

J (v* — 1) dv

jol=1 1 — 0% v

£ 0

©) m<j<m+a—1(a>1):
Set

@m,a(j = J." ei(m—j)g%—_f)de'

Make the change of variable § = ¢ + (27/a).

—{(27 /a)
D, () = ettm—i@n/a) [" i gitm—ie X2 T °J (e — 1) é
’ Y —n—(2n/a) 1 — tela‘b

= elm-naiag, ()
by periodicity. This is contradictory unless

Dpo) =0 for m+1<j<m+a-1

1.4. PARTIAL BEST APPROXIMATION

THEOREM. Let a, b be non-negative integers a > 0 and

L ¢)

f(x) = 2 tUq;.5(x) le] <1 (1.2)
Then
N Up(x) — 1Up_o(x)
f6) = 1+ t;— 21‘cosba(c:os—1 x)° (1.3)
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Furthermore, for m = ak -+ b and e,, = t*/(1 — t%):

k k-2
Pha) = @) = Y. Vi) + {5 U@ (1)
2t}
BN = 25 (1)

Jorm<n<m+ a
Proof. (1.3) follows from (1.2) since
Z PU,z0(x) = Im [e’“’“"’ Y (te““’)]
i j=0
and the right-hand side is a convergent geometric series for | ¢ | << 1. Therefore

1 sin(b + 1) — tsin(b — a + 1)

fx) = sin 6 1+ 12 — 2tcosab

from which the result follows.
Let us first consider n = m. Set e(x) = f(x) — gn(x). Then putting
x = cos 0, we obtain

sinfa(k + 1) + b + 116 — 2t sinfak + b + 1]6 )
(x) = th+1 ( + t2sinfatk — 1) + b + 110
a (1 — 13 sin 6(1 + 2 — 2t cos af)) ( 6)

Putting y,(x) = 1 4 t? — 2t cos a (cos™ x):
N=ak+1)+5b and v = e

tk+1 U(N+1)—2a(va . 1)2 — vza—1N+1)(vfa — t)2

— 1 Yo(O(v — (1/0))

Therefore, by Lemma 4 and the note on Lemma 2:

e(x) =

tk+1 v(N+1)—2aHa2(v) — vZu-(N+1)Hﬂ2(1/U)

O =T T HADe — (470)
Thus,
1 __"l|k+1 1 1 Un(, po) ﬂ2|t|k41
L ey = T % f_l I;IJ,,(x) x=g_p

by Lemma 3.
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Since the approximation of f(x) by a polynomial from the class P, ,, is
equivalent here to the minimization (by norm) of a rational form whose
numerator is a polynomial of degree N = m + a with its highest coefficient
prescribed and whose denominator is a prescribed polynomial of degree ain x,
positive on the given interval, we have from Lemma 3 that e(x) is minimal
and pj, (x) = ¢p(x).

P m(x) is obviously unique, due to the determinateness of Uy(x, p,)-

Now, sign (f(x) — g.(x)) = +sign U,,.(x, p,) and from Lemma 5,
sign Upya(X, po) is orthogonal to Uy(x), 0 <<j <<m -+ a — 1, j # m. Hence,
from Lemma 1, ¢,,(x) is a partial best U-polynomial approximation in the L,
norm to f(x), among polynomials of degree m 4 d for0 << d < a—-1with
e, = t*/(1 — t?). We now prove its uniqueness.

From (1.6) we have e(x) = (¢**/(1 — ) sin((m + 1)0 + ), where ¢ is
defined by

. (1 — ¢® sin af
g = T eos )
1.7
—2t 4+ (1 + ) cos al
va(cos ) ’

cos i =

From (1.7) we see that as 8 varies from 0 to 7, ¢ increases from 0 to a.
Therefore (m - 1)8 + i increases continuously from 0 to (m -+ a + )= as
0 runs from 0 to 7 and €(x) has m -+ a alternations of sign, and hence, real
single roots on (—1, 1). Let the roots of e(x) be o; on (—1,1) for i = 1,...,
m + a. Suppose p., m.q is another partial best L, approximation for 0 << d <
a — 1. Then by extending the argument in [4, Lemma 4.5], f— p,. mia
changes sign at the «;. From this it would follow that p,, ,..qa — g has
m -+ aroots, which is clearly impossible.

CoROLLARY 1. If «, B are arbitrary real numbers; a, b are nonnegative-
integers a >0; | t]| <1, m=ak + b, and m <n <m + a, then f(x) =
B+ a2 t1U,;4(x) can be expressed as

B(l + £%) — 281 cos a(cos™ x) + alUy(x) — atUy_q(x)
1 + 22 — 2t cos a(cos™ x)

F)

(1.8)
and

PG = B+azzmm@+- o)

=0

2| af|tjn
1 — ¢2 *

ENf) < En(f) =

640/15/1-4
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COROLLARY 2. For o = l,..., a the best L, approximation from P, _, to
FG) — (@t*{(1 —19) Up(x) is B + & Ty 11U, (x) and

o atUpy  2]a]le[M
Eh, (f—30m) < 2ol S

I —1
EXAMPLE (i).

1
g(x):ﬁ, A L.

Choose t = A — (A* — )12, then [ ¢] < 1. Choose a =1, b =0, B =0,
o = —2¢. Then (1.8) becomes 1/(x — A). Thus,

* o 2¢nt1
PralX) = =2t Y 1U(x) — T Un(x)
izo
» BRI
Bole—v) =T

EXAMPLE (iia).

1
g(x):xz_Agy !A[>1

Choose t = —(1 — 2A%) — 2A(—1 + A®)/2, Then 0 < ¢ < 1. Choose a = 2,
b=0,8=0, o= —4t/(1 + t). Then (1.8) becomes 1/(x* — A?) and

. 1 . ' 1 B 8 ‘ t !k+2
By o (_\”Zt_)\{) = Ey o111 ( PO ) BTET o
ExAMPLE (iib).

g(X):‘——xziAz, P> L

With the same choice of ¢ as in (iia) choose @ = 2, b = 1,8 = 0, o« = —2¢.
Then

X x 41|k
E21k+1,2k+1 (Tg“_—)‘?) = E;Io+l,2k+2 ( X2 _ \2 ) = [ — 2"

EXAMPLE (iiia).

g(x) = lpl >0.

1
P

Chooset = —(1 + 2u% + 2u(l + p?)'/2 Then —1 < ¢ < 0. Choosea = 2,
b=0,8=0,o= —4¢(1 + ¢). Then (1.8) becomes 1/(u? + x?) and

" 1 M 1 B 8 1 t Ik‘+2
Ezk,zk (W) = Ezk,27c+1 ( Mz -+ xz) - (1 _ | tl)(l _ t2) ‘
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EXAMPLE (iiib).
x

m, lpi >0

g(x) =

With the same choice of 7 as in (iiia) choosea = 2, =1, a = 0,8 = —2¢.
Then

- 1 - x 41|k
E21k+1,2k+1 5 2= E21k+1.21c+2 3 w2 ) T NPT
n+ x n? -+ x? 1 —1t

1.5. CONCLUSION

The partial best L, approximations described above possess the advantage
that their coefficients are readily available. Furthermore, one may show for
the rational functions considered, that if the proximity of the partial best
L, approximation is expressed as the ratio of E,l,,,n(g) to E,X(g) then, in the
limit, this is determined by the a priori factor 1/(1 — ¢2).
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